All Order Linearized Hydrodynamics from Fluid/Gravity Correspondence by Bu, Yanyan & Lublinsky, Michael
All Order Linearized Hydrodynamics from Fluid/Gravity Correspondence
Yanyan Bu∗ and Michael Lublinsky†
Department of Physics, Ben-Gurion University of the Negev, Beer-Sheva 84105, Israel
(Dated: November 9, 2018)
Using fluid/gravity correspondence, we determine the (linearized) stress energy tensor of N = 4
super-Yang-Mills theory at strong coupling with all orders in derivatives of fluid velocity included.
We find that the dissipative effects are fully encoded in the shear term and a new one, which emerges
starting from the third order. We derive, for the first time, closed linear holographic RG flow-type
equations for (generalized) momenta-dependent viscosity functions. In the hydrodynamic regime, we
obtain the stress tensor up to third order in derivative expansion analytically. We then numerically
determine the viscosity functions up to large momenta. As a check of our results, we also derive the
generalized Navier-Stokes equations from the Einstein equations in the dual gravity.
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INTRODUCTION
The quark-gluon plasma produced in heavy ion colli-
sions behaves like a nearly perfect fluid reflecting strongly
coupled regime of QCD [1, 2]. Relativistic hydrodynam-
ics is found to describe QCD plasma expansion near ther-
mal equilibrium. Meanwhile, various microscopic models
are indispensable in order to understand the transport
properties of this fascinating QCD matter.
An important tool to address the strongly coupled dy-
namics is the AdS/CFT correspondence [3], which re-
formulates the large N strongly interacting quantum
field theory in terms of classical gravity in (asymptoti-
cally) AdS spacetime. One celebrated prediction of the
AdS/CFT correspondence is the universal value of shear
viscosity over entropy density ratio [4, 5], valid for a large
class of large N strongly coupled gauge theory plasmas
which have Einstein gravity duals. Subsequent explo-
ration of fluid dynamics from gravity in AdS black hole
geometries has become a major research topic, see Ref. [6]
for a review and references therein.
The authors of Refs. [7, 8] (see also Refs. [9–11]) pro-
posed a new generalized relativistic hydrodynamics with
all orders in derivatives of fluid velocity resummed in
the stress tensor. Higher order derivatives can be clas-
sified into non-linear (like (∇u)2) and linear terms (like
∇∇u) with respect to the local fluid velocity. The non-
linearities are important when the velocity field ampli-
tude is large. However, even for small amplitude waves,
one can get large contributions from the linear terms
when the momenta associated with the wave are large.
In [8], only linear terms were kept in the stress tensor.
Viscosity and other constant value transport coefficients
were generalized into momenta dependent functions that
collected all higher order terms in a self-consistent man-
ner. This viscosity function is expressed in momentum
space which follows from the replacement ∂µ → (−iω, i~q)
in the linear gradient expansion of stress tensor Tµν .
With constitutive relations at hand, these transport co-
efficient functions were supposed to be deduced from re-
tarded correlators [12, 13] computed in linearized bulk
gravity. However, a generic problem prevented achieving
this goal: knowledge of the retarded correlators happened
to be insufficient to determine all the transport coefficient
functions. This paper reports on a major progress in
generalizing relativistic hydrodynamics to all orders, as
envisioned in [7, 8]: We consistently derive the transport
coefficient functions by extending [14–16] to linearized
fluid/gravity correspondence.
The fluid/gravity correspondence maps construction of
fluid stress tensor and its conservation law (Navier-Stokes
equations) into the problem of solving Einstein equations
in asymptotically AdS spacetime. In particular, it pro-
vides a systematic framework to study non-linear fluid
dynamics, order by order in the boundary derivative ex-
pansion. In principle, the perturbative calculations of
Ref. [14] can be extended to arbitrary order in terms of
derivative expansion. Our procedure is, however, some-
what different from that of [14]. We will collect the dis-
sipative contributions1 to the stress tensor in a unified
way, rather than appealing to an order by order deriva-
tive expansion.
Our major new result is closed holographic RG flow-
type equations derived for the viscosity functions. These
are linear equations, which we first study analytically us-
ing perturbative expansion and then exactly numerically,
leading to new understanding of dissipative structures of
strongly coupled plasmas.
1 While some of the high order derivative terms might not nec-
essarily lead to actual dissipation in the system, we collectively
refer to all of them as dissipative contributions.
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2LINEARIZED FLUID/GRAVITY
CORRESPONDENCE
We consider the universal sector of the AdS/CFT cor-
respondence: the dynamics of Einstein gravity with a
negative cosmological constant in five dimensional space-
time,
S =
1
16piGN
∫
d5x
√−g(R+ 12). (1)
The 4-parameter family of solutions to action (1) is
ds2 = −2uµdxµdr+ r2 (Pµν − f (br)uµuν) dxµdxν , (2)
with
uv = − 1√
1− β2 , ui =
βi√
1− β2 , β
2 =
3∑
i=1
βiβi, (3)
and the function f(r) = 1 − 1/r4. We use notation
xµ = (v, xi) with v to denote time direction in the
Eddington-Finkelstein coordinate. Indeed, v is equiva-
lent to time in Poincare patch as r → ∞ and therefore
is identified as time of the boundary field theory. The
Hawking temperature of the above black hole is
T =
1
pib
, (4)
which will be identified as the temperature of the dual
fluid defined in the boundary. The projection operator
Pµν = ηµν + uµuν . Note that the parameters βi and b
are all constants so that the line element (2) does form a
class of solutions to the bulk Einstein equation
EMN = RMN − 1
2
gMNR− 6gMN = 0. (5)
To discuss hydrodynamics, we follow Ref. [14] and pro-
mote the constant parameters βi and b to slowly but
otherwise arbitrarily varying functions of the boundary
coordinates,
ds2 =− 2uµ(xα)dxµdr + r2Pµν(xα)dxµdxν
− r2f (b(xα)r)uµ(xα)uν(xα)dxµdxν .
(6)
The metric (6) no longer solves the bulk equation (5).
The idea of Ref. [14] is to add suitable corrections in (6) so
that the bulk equation (5) is satisfied by the new metric.
Ref. [14] introduced a systematic way to construct the
corrected metric: the method is to first perform a bound-
ary derivative expansion for βi(x
α) and b(xα) around a
chosen point, such as the origin xα = 0, and then solve
linearized Einstein equations in the bulk order by order
in the derivative expansion.
Our goal is to sum all higher order terms in the fluid
stress tensor. In contrast to the boundary derivative ex-
pansion of Ref. [14], we linearize the fluid fields uµ(x
α)
and b(xα). We then determine the corrected metric by
solving the bulk equations. Our corrected metric ac-
counts for all order dissipative contributions to the fluid
stress tensor.
The fluid velocity and temperature are expanded as
uµ(x
α) = (−1, βi(xα)) +O(2),
b(xα) = b0 + b1(x
α) +O(2), (7)
where, as in Ref. [14], we multiply βi and b1 by a small
, which will be set to one in the final expression of the
fluid stress tensor. b0 denotes temperature of the fluid
in equilibrium while the linear term b1(x
α) accounts for
dissipative corrections. Below, b0 is set to one by con-
formal invariance.
In accordance with (7), the seed metric, i.e., the lin-
earized version of (6) is,
ds2 =2drdv − r2f(r)dv2 + r2δijdxidxj
−  [2βi(xα)drdxi + 2r−2βi(xα)dvdxi
+ 4r−2b1(xα)dv2
]
+O(2),
(8)
where the first line is exactly the line element of the
Schwarzschild-AdS5 black brane written in the ingoing
Eddington-Finkelstein coordinate. The terms linear in 
are parts of the metric corrections we are after. We are to
introduce metric corrections up to O(). The full metric
is
g = g(0) + g(1) [βi,b1] +O(2), (9)
where g(0) is the first line of (8). The first order correc-
tion g(1) has two sources: the first one is already known,
corresponding to linear terms in  in (8); while the second
contribution will be determined from the bulk dynamics
and summarized in the line element (11).
Diffeomorphism invariance allows us to choose a gauge.
Following [14], we work in the “background field” gauge,
grr = 0, grµ ∝ uµ, Tr
[
(g(0))−1g(1)
]
= 0. (10)
The line element for the undetermined metric is [14],
ds2(1) = 
[−3hdrdv + r−2kdv2 + r2hδijdxidxj
+2r2(1− f(r))jidvdxi + r2αijdxidxj
]
,
(11)
where αij is a symmetric traceless tensor of rank two.
All the components {h, k, ji, αij} are explicit functions
of the bulk coordinates {xα, r}. Their precise forms have
to be determined from equation (5), supplemented with
proper boundary conditions to be discussed next.
The first boundary condition is regularity requirement
for all the components over the whole range of r, in par-
ticular at the unperturbed horizon r = 1. This is a natu-
ral choice since the ingoing Eddington-Finkelstein coor-
dinate we are working in is free of coordinate singularity.
3The second boundary condition comes from the asymp-
totic consideration at r → ∞. Since the dual fluid is in
Minkowski space with metric ηµν , we will require that
the metric corrections should not change the asymptotic
behavior of the metric (6). The latter condition strongly
constrains the large r behavior of different components
{h, k, ji, αij}: as r → ∞, their falling-off behaviors
should be restricted as
h < O(1), k < O(r4), ji < O(r4), αij < O(1). (12)
Some of the integration constants remain unfixed by the
above considerations. This is due to the freedom of defin-
ing fluid velocity. This ambiguity will be removed by ap-
propriately choosing a frame for the dual fluid. To be
specific, we will work in the “Landau frame”
uµTDissµν = 0, (13)
where TDissµν is the dissipative part of Tµν .
Once the dual metric is worked out, the stress tensor
of the dual fluid is calculated from the formula [17, 18]
Tµν = − lim
r→∞ r
4 (2Kµν − 2Kγµν + 6γµν −Gµν ) , (14)
where γµν and Kµν are the induced metric and extrinsic
curvature on the hypersurface with fixed r, respectively.
The Einstein tensor Gµν is compatible with γµν .
FLUID DYNAMICS DUAL TO BULK GRAVITY
We are now to study the bulk dynamics. The Einstein
equations are divided into dynamical and constraints.
Our strategy is to first solve the former. This will lead to
a construction of an “off-shell” boundary stress tensor.
The constraints will be later shown to be equivalent to
the stress tensor conservation. We start from Err = 0,
5∂rh+ r∂
2
rh = 0, (15)
which is Eq. (4.7) of Ref. [14]. Generic solution is
h(xα, r) = s0(x
α) + s1(x
α) r−4, (16)
where s0 and s1 are arbitrary functions of boundary co-
ordinates xα. A nonzero function s0 violates the asymp-
totic requirement for h as specified in Eq. (12). In ad-
dition, s1 6= 0 is equivalent to TDiss00 6= 0. Therefore, the
constraint from asymptotic infinity and “Landau frame”
convention lead to h = 0.
The function k will be found from Erv = 0,
3r2∂rk = 6r
4∂β+r3∂v∂β−2∂j−r∂r∂j−r3∂i∂jαij , (17)
where ∂j ≡ ∂iji. The scalar function k cannot be deter-
mined until ji and αij are found. Fortunately, the dy-
namical equations for ji and αij are not entangled with
k, so we integrate Eq. (17) after solving for ji and αij .
In order to determine ji, we consider Eri = 0,
∂2r ji =
(
∂i∂β − ∂2βi
)−3r∂vβi+ 3
r
∂rji−r2∂r∂jαij , (18)
where ∂2 ≡ ∂i∂i. To find αij is more involved as its di-
agonal and non-diagonal components have to be treated
separately. Here we report the final result,
0 =(r7 − r3)∂2rαij + (5r6 − r2)∂rαij
+ 2r5∂v∂rαij + 3r
4∂vαij + r
3[[αij ]]
+ (1− r∂r) [[j]] + 2
(
3r4 + r3∂v
)
σij ,
(19)
with σij =
1
2
(
∂iβj + ∂jβi − 23δij∂β
)
. Two functionals
were introduced in Eq. (19),
[[αij ]] ≡ ∂2αij −
(
∂i∂kαjk + ∂j∂kαik − 2
3
δij∂k∂lαkl
)
,
[[j]] ≡ ∂ijj + ∂jji − 2
3
δij∂j.
ji and αij are uniquely decomposed as{
ji =a(ω, q, r)βi + b(ω, q, r)∂i∂β,
αij =2c(ω, q, r)σij + d(ω, q, r)piij ,
(20)
where piij = ∂i∂j∂β− 13δij∂2∂β. The decomposition (20)
is inspired by the source terms in (18) and (19). On the
one hand, the homogeneous part of the solutions for (18)
and (19) did not appear in the above decomposition due
to the “Landau frame” convention (13) and the large
r requirement (12). On the other hand, since b1 does
not contribute in the source terms of (18) and (19), we
do not consider derivatives of b1 as basis vector/tensor
in (20). Explicit calculations can be done to show that
adding derivatives of b1 in the above decomposition will
result in similar equations as (21) but without source
terms. Then, the boundary conditions force these added
modes to vanish. For convenience, we prefer to express
the coefficient functions in momentum space but with
tensors σij and piij formulated as explicit derivatives of
the fluid velocity. The momentum variables are in one to
one correspondence with derivative operators in accord
with the replacement rule ∂µ → (−iω, i~q). We are led
to a system of ordinary differential equations,
0 =r∂2ra− 3∂ra− q2r3∂rc− 3iωr2 − q2r,
0 =r∂2r b− 3∂rb+
1
3
r3∂rc− 2
3
r3q2∂rd− r,
0 =(r7 − r3)∂2r c+ (5r6 − r2)∂rc− 2iωr5∂rc
− r∂ra+ a− 3iωr4c+ 3r4 − iωr3,
0 =(r7 − r3)∂2rd+ (5r6 − r2)∂rd− 2iωr5∂rd
+
q2
3
r3d− 3iωr4d+ 2b− 2r∂rb− 2
3
r3c.
(21)
The temperature is normalized to piT = 1, so all mo-
menta should be understood as dimensionless: ω/(piT )
and qi/(piT ).
4To find Tµν , we consider large r behavior for the metric.
Near r =∞, detailed analysis of Eqs. (21) and (17) plus
the boundary conditions (12) and (13) reveal
k(r) =
2
3
(
r3 + iωr2
)
∂β +O
(
1
r2
)
,
ji(r) =− iωr3βi − 1
3
r2∂i∂β +O
(
1
r
)
,
αij(r) =
(
2
r
− η(ω, q
2)
4r4
)
σij
− ζ(ω, q
2)
4r4
piij +O
(
1
r5
)
,
(22)
where precise forms of η and ζ will be determined via
solving Eqs. (21). The large r behavior (22) for the metric
is related o the stress tensor of the boundary theory,
Tµν = T
Ideal
µν + T
Diss
µν , (23)
where the ideal part T Idealµν is
1
b4 (ηµν + 4uµuν), which is
linearized to
T Ideal00 = 3(1− 4b1), T Ideal0i = −4βi,
T Idealij = δij (1− 4b1) .
(24)
The dissipative part TDissµν is nonzero only for spatial com-
ponents,
TDissij = −
[
η(ω, q2)σij + ζ(ω, q
2)piij
]
, (25)
where η(ω, q2) is the generalized viscosity function pro-
posed in Ref. [8] and ζ(ω, q2) is a new viscosity function
emerging starting from the third order2. Eqs. (21) are
the main equations of this paper, which could be viewed
as exact RG flow equations for the viscosity functions.
Generalized Navier-Stokes equations can be derived
by focusing on the remaining Einstein equations. More
specifically, the large r limits of r2f(r)Evr+Evv = 0 and
r2f(r)Eri + Evi = 0 result in
∂vb1 =
1
3
∂β,
∂ib1 =∂vβi − η(∂v, ∂
2)
24
(
∂i∂β + 3∂
2βi
)
− ζ(∂v, ∂
2)
6
∂2∂i∂β.
(26)
Fully consistently, equations (26) can be shown to be
equivalent to the conservation law ∂µTµν = 0. Our task
of deriving fluid dynamics from gravity is mathemati-
cally reduced to the boundary value problem of ordinary
differential equations (21).
2 In Ref. [8], ζ was apparently incorrectly argued to be zero.
We first perturbatively solve Eqs. (21) by assuming ω
and q to be small. This procedure is equivalent to the
usual derivative expansion. We present the final results,
η(ω, q2) = 2 + (2− ln 2)iω − 1
4
q2 − 1
24
[
6pi − pi2
+12
(
2− 3 ln 2 + ln2 2)]ω2 + · · · ,
ζ(ω, q2) =
1
12
(5− pi − 2 ln 2) + · · · ,
(27)
where, within our normalization, the first term in η cor-
responds to η/s = 1/(4pi); the second term in η is the
relaxation time [14, 19, 20]. The remaining two terms
in (27) are new third order transport coefficients.
To include all orders of boundary derivatives in Tµν , we
now solve Eqs. (21) numerically. Since we have to impose
boundary conditions both at the horizon and asymptotic
infinity, we resort to a shooting technique. We first find
regular series solutions to Eqs. (21) near r = 1, with 6
expansion coefficients unknown. The regular solutions
near r = 1 enable us to evolve Eqs. (21) to r = ∞.
The requirements (12) and (13) then completely fix these
6 coefficients. We show our numerical results for the
transport coefficient functions in FIG. 1.
FIG. 1. Transport coefficient functions η(ω, q2) and ζ(ω, q2)
as functions of ω and q2.
Two features of FIG. 1 are worth mentioning. In the
hydrodynamic regime ω, q  1, the higher order terms
have the effect of reducing the real parts of η and ζ, as
already noticed in [7]. A decrease in the effective vis-
cosity affects dispersion relations in the fluid, such as
sound waves. It was argued in [7] that these finite mo-
menta effects could be responsible for the extra low vis-
cosity observed in plasmas produced in heavy ion colli-
sions. We anticipate that both viscosity functions vanish
at very large momenta as seen in FIG. 1. This behav-
ior is important for reliable discussion of early times in
heavy ion collisions, thermalization and entropy produc-
tion [10, 21]. The second point is that, as far as the
5absolute values of η and ζ are concerned, ζ is highly sup-
pressed. Therefore, it looks reasonable to ignore ζ in
construction of an improved hydrodynamic model in the
spirit of Ref. [8].
CONCLUSION
We determined the linearized energy stress tensor of
N = 4 super-Yang-Mills theory at strong coupling us-
ing the fluid/gravity correspondence. We obtained closed
linear RG flow equations for the viscosity functions. In-
triguingly, an analogous RG flow equation for conductiv-
ity derived in [22] is nonlinear. We also derived the gen-
eralized Navier-Stokes equations for the dual fluid and
checked the consistency of our formalism. To third or-
der in derivative expansion, we analytically computed the
stress tensor for the dual fluid. We summarized our re-
sults for the viscosity functions including all order deriva-
tive terms in FIG. 1. While our results on the stress ten-
sor are exact even far beyond the hydrodynamic limit of
small momenta, we obviously do not recover the entire
UV physics, but only part of the dynamics related to the
energy-momentum conservation.
We will report more details about this work in a forth-
coming expanded publication [23].
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